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ABSTRACT 
A technique for the accurate estimation of elastic constants in 
solid materials is described. Experimental waveforms generated in a plate 
by pulsed laser are compared with theoretical solutions for a pOint 
source. A non-linear fit makes it possible to obtain the longitudinal and 
shear veloci ties of the material. 
INTRODUCTION 
The propagation of transient elastic waves in a plate has been 
investigated by several authors [1,2,3J and analytical solutions for a 
pOint or a linear source with an arbitrary force orientation can be 
evaluated numerically by the use of a computer. In addition, experimental 
work [4,5J has shown that the use of pulsed lasers as wide band 
ultrasonic sources can provide a good approximation to a point source, 
and that recorded waveforms can be favorably compared to theory. 
Up until recently, most theoretical work was concerned with the direct 
or forward problem. Some recent work [6,7J has dealt with the inverse 
problem, in which either the characteristics of the source or the time 
excitation are sought from the detected signals at one or several 
receiver locations. Here, the approach that we have developed is to use 
the pulsed laser source and interferometer receiver to record on or off-
epicentre waveforms in a plate and then to determine the longitudinal and 
shear velocities of the SOlid, Cp and Cs, by using a non~linear least 
squares fit of the experimental waveform to theory. 
FORWARD PROBLEM 
(a) Theory 
As mentioned in introduction, there have been numerous studies of the 
transient waves in a plate. Calculations, which require a rather 
extensi ve programming effort, are based on the "ray theory" which 
describes the wave propagation by a series of ray integrals representing 
the various ray paths due to reflections and refractions. It must be 
noticed that this method produces an exact solution and is most effective 
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in analysing signals which arrive early at the receiver, since the number 
of ray integrals increases rapidly with the time duration of observation. 
The plate is considered as a single layer with both surfaces being 
free, with thickness h, density p , Lame's constants A and ~, 
longitudinal wave (P wave) speed Cp = «A+~)/p)'/2 and shear wave (S 
wave) speed Cs = (~/p)'/2. Fig. 1 indicates the geometry of the 
problem. Using the Green's function formalism [2J, the displacement due 
to a point force of arbitrary time dependence set) applied at z=Q, raQ is 
obtained by a convolution integration : 
U(z,r,t) a r ~ s(t'-t) G(z,r,t') dt' (1) 
J_~ 
where G is the appropriate Green's function for the force structure and 
the receiver location. The evaluation of the function G appearing in Eq. 
(1) has been described by N.N. Hsu [8J. In the present problem, the 
output signal is the normal component of the displacement Uz. Uz is a 
function of the time variable and depends on the parameters z,r,Cp,Cs z 
and r are known geometry parameters while Cp and Cs are the unknown 
parameters to estimate. We rewrite 
set) = A h(t) 
pulsed 
laser 
z detector 
Fig. 1 Geometry 
(2) 
where h(t) represents the shape of the time excitation and A is a 
multiplicative constant which takes into account the force magnitude of 
the source and the gain of the measurement channel. Then, by denoting 
F(t) the convolution upon the time variable between h(t) and G(z,r,t) and 
by using Eqs. (1) and (2), we can express the displacement Uz : 
Uz a A F(Cp,Cs,t) (3) 
F depends on the two velocities Cp, Cs and is computed for a given force 
structure and a receiver location. 
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(b) Mechanisms 
A pulsed laser can generate elastic waves in solids via several 
distinct mechanisms [5J. The first process is thermoelastic generation 
when the optical power density absorbed by the substrate is not 
sufficient to cause melting and causes only expansion at the solid 
surface. It results in thermal strains which tend to act in directions 
parallel to the surface and which are dipolar. If q(t) is the temporal 
shape of the laser pulse, the heat~diffusion equation has been solved by 
L.R. Rose [9J, proving that the time dependency of the thermoelastic 
source was q(t)*H(t), where H(t) indicates the Heaveside step-function 
and * the convolution operation upon the time variable. Experimental work 
conducted by J.F. Ready [10J showed that q(t) could be accurately 
represented by : 
2 
q(t) = (tiT )exp(~t/T) (T = rise time of the laser pulse) (4) 
The second mechanism is evaporation of liquid applied to the solid 
surface as a thin film. Recoil forces are introduced by momentum transfer 
and the acoustic source is dominated by normal forces. The vaporization 
process has been studied by J.F. Ready [10J, but interaction between the 
laser beam and sample is too complex to derive an analytic form for the 
time dependency of the source. However, an analytic expression of the 
impulse response of the displacement on-epicentre has been provided by 
J.E. Sinclair [11J and shows the existence of a Dirac function at the 
arrival of the longitudinal wave. Accordingly, the shape of the first 
longitudinal wave pulse onrepicentre can be considered as an 
approximation of the time dependency of the source. 
(c) Apparatus 
The laser used to generate elastic waves is a Q-switched ruby laser 
operating at a wavelength of 693.4 mm, with a pulse duration of a about 
30 ns. A Michelson interferometer having a sensitivity typically of 50 
mV/nm over a frequency range of 0-40 MHz allows the displacement normal 
to the surface of the sample to be measured. Source and detector are on 
opposite sides of the plate. A photodiode is used to trigger a digital 
recorder. The latter has a resolution of 8 bits and a sampling period of 
10 ns. The experimental setup is shown in Fig. 2, and was used to provide 
waveforms from which Cp and Cs were to be determined via the inverse 
problem. Examples of waveforms recorded on~epicentre are presented in 
Fig. 3 for (a) oil evaporation and (b) thermal expansion. 
INVERSE PROBLEM 
By denoting Ui and Fi the values of the experimental and synthetic 
signals at time t = ti , we can define a quantity E 
N 
E = L 
i=1 
Wi (Ui - A Fi) 
2 
(5) 
where Wi are weighting coefficients and N is the number of points in time 
The aim of the problem is to minimize E in respect with the parameters 
A,Cp and Cs • We note here that the minimization of E in respect with A 
implies the condition aE/aA = 0 which leads to 
L Wi Fi Ui 
A = (6) 
L Wi Fi Fi 
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Interferometer 
I:\."'~:t--"""'---I Controller 
5mW 
He Ne laser 
Fig. 2 Experimental set~up 
Since the problem is linear in A and non~linear in Cp and Cs, a hybrid 
algorithm has been developed which uses an iterative non-linear 
minimization to find the values of Cp and Cs at each step, and uses Eq. 
(6) to determine A. A schematic diagram of the algorithm is given here: 
1 Defini tion of Wi and N 1 
• I k .. l II Initial guess for Cp(1) and Cs(1) 
I Computation of Green's function G(t)\ 
with Cp .. Cp(k) and Cs .. Cs(k) 
Determination • of new values \ Numerical convolution of G(tj 
Cp(k+l) and and h(t) to obtain Fi 
Cs(k+l) using J, 
non-linear !Determination of A by using (6)1 
minimization J, 
criteria I Computation of El 
~ 
Lk"k+lI 
J, 
Test: E < e; or k > Ko -:> 
~ 
END 
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Several methods used in non-linear fitting have been tested. The downhill 
simplex method due to Nelder and Mead [12J has been selected. 
Let us consider now Fig. 3 wnich shows recorded experimental waveforms. 
Time intervals indexed (2) and (4) include respectively the direct 
longitudinal and direct shear waves signals. It is clear that zones (1), 
(3) ano (5) contain little or no information on the wave velocities of 
o 
! 
I 
1 , 4 , 5 (tJS) 
! I 
(1) • ~~ (3) 1(4)1(5) 
time intervals 
Fig. 3 Experimental waveforms on-epicentre in a 12.6 mm 
thick aluminium plate, for (a) oil evaporation and (b) 
thermal expansion. The fitting is performed only on the 
parts of the waveform centred about the longitudinal and 
shear arrivals where the main information is contained. 
the sample. Therefore, the fit can be performed on limited intervals. 
This can be mathematically formulated by defining the weighting function 
Wi .. 1 if ti is contained in intervals indexed (2) , (4) 
Wi .. 0 otherwise. 
Then, it is necessary to compute the Green's function only for restricted 
values of time and the duration of calculation at each loop is 
considerably reduced. 
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RESULTS 
Examples showing experimental waveforms and corresponding theoretical 
waveforms after fitting are shown in Fig. 4 for thermoelastic generation 
and in Fig. 5 for the evaporation process. Experiments were conducted in 
a 12.6 mm thick aluminium plate. Good correlation was obtained and led to 
the values of Cp a 6350 mls and Cs a 3100 mis, with an estimated relative 
uncertainty of 1.5% for the longitudinal wave velocity (Cp) and 1% for 
the shear wave velocity (Cs). 
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Fig. 4 Comparison of theory and experiment for a point source 
in a plate with thermoelastic generation. In each the upper 
waveform is experimental, the middle one theoretical and the 
final one showing the fit between theory and experiment. 
(a) Detector is on-epicentre 
(b) Detector is 3 mm off~epicentre 
(c) Detector is 6 mm off-epicentre 
It may be noted in Figs. 4 and 5 that as the receiver is moved off~ 
epicentre, the shear wave signal becomes sharper. However, as the 
distance between source and detector increases, the longitudinal wave 
signal decreases and the fitting is more difficult to perform. These two 
observations lead to an optimal receiver position which allows prominent 
longitudinal and shear signals to be obtained on a single waveform. This 
position is approximately h/2 for oil evaporation and hll0 for thermal 
expansion. 
1224 
Different sources of errors which may introduce an uncertainty in the 
measurement of the velocities may be listed as follows, 
- Approximation of the actual time excitation of the source by an 
analytical or experimental function 
- Time delay of the photodiode which triggers the digitizer 
- Finite size of the laser beam while the theoretical model assumes a 
pOint source 
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Fig. 5 Comparison of theory and experiment for a point source 
in a plate with oil evaporation source. In each the upper 
waveform is experimental, the middle one theoretical and the 
final one showing the fit between theory and experiment. 
(a) Detector is 3 rom off-epicentre 
(b) Detector is 6 rom off-epicentre 
(c) Detector is 9 rom off-epicentre 
- Actual thickness of the plate and relative position of source and 
receiver 
- Noise 
- Finally , attenuation and dispersion in the medium of propagation may 
induce a discrepancy in the measurement. However, if this effect is 
taken into account in the model, it might be possible to obtain some 
information on the attenuation-dispersion of the medium. Future works 
are conducted in this direction. 
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CONCLUSION 
We have presented a non-"'contact method for the measurement of elastic 
constants in solid materials. A hybrid algorithm based on non linear 
model fi tting has been developed and permi ts the estimation of ':';h 
longitudinal and shear waves velocities from one experimental waveform. 
The choice of the optimal receiver position has been discussed. 
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